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Abstract 


We expand a new generalization of the two-dimensional differential trans- 
form method. The new generalization is based on the two-dimensional differ- 
ential transform method, fractional power series expansions, and conformable 
fractional derivative. We use the new method for solving a nonlinear con- 
formable fractional partial differential equation and a system of conformable 
fractional partial differential equation. Finally, numerical examples are pre- 
sented to illustrate the preciseness and effectiveness of the new technique. 
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1 Introduction 


Fractional partial differential equations and systems of partial differential 
equations arise in many areas of mathematics, engineering, and the physical 
science, which make it very important to find efficient methods for solving 
the partial fractional differential equations. 

The differential transform method is an analytical method for solving 
differential equations. The concept of differential transform method was first 
introduced by Zhou in solving linear and nonlinear initial value problems in 
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electrical circuit analysis [16]. The method provides an analytical solution in 
the form of a polynomial. 


Fractional calculus [9, 13] is a field of Mathematics in which derivatives 
and integrals of arbitrary orders are discussed. Studies show many physical 
systems compatible with fraction derivatives theory. Therefore, there have 
been significant interest in this subject trying to introduce a definition for 
fractional derivative in most of which integral forms have been widely used. 
The two most commonly used definitions are Riemann-—Liouville, and Caputo. 


Recently, a new kind of fractional derivative called a conformable frac- 
tional derivative was proposed by Khalil et al. [8]. This new definition sat- 
isfies formulas of derivative of product and quotient of two functions. In 
addition to the conformable fractional derivative definition, the conformable 
fractional integral definition, Rolle theorem, and mean value theorem for the 
conformable fractional differentiable functions were given. Since then, many 
researchers have made a huge number of scientific articles on the topic. As an 
instance, Abdeljawad [1] provided fractional versions of the chain rule, expo- 
nential functions, Gronwall’s inequality, integration by parts, Taylor power 
series expansions, and Laplace transforms. Cenesiz and Kurt [4,10] found the 
solutions of time and space-fractional heat differential equations by the con- 
formable fractional derivative and the approximate analytical solution of the 
time conformable fractional Burger’s equation via homotopy analysis method. 
Acan et al. [2,3] introduced a new type reduced differential transform method 
called the conformable fractional reduced differential transform method and 
conformable variational iteration method based on the new defined fractional 
derivative. Masalmeh [11] applied the series solution for a case of conformable 
fractional Riccati differential equation with variable coefficients and Ilie et al. 
[11] introduced a general solution to conformable fractional differential equa- 
tions. Therefore, it is clearly deducted that further studies and explanations 
can be made on this newly introduced fractional derivative. 


2 Basic definition 


Definition 1. [8] Given a function f : [a,oo] > R. Then the conformable 
fractional derivative of f order a is defined by 


(oTef) (t) = lim f(t+e(t—a)'~*) - F(t) (1) 


ée>0 E 


for all t > 0 and a € (0, 1]. 


Definition 2. [1] Given a function f : [a,co] — R. Letn<a<n+l1 
and 6 = a—n. Then the conformable (left) fractional of f order a, where 
exists, is defined by 
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(Te f(t) = (LEF™) (0). 


Definition 3. [15] Assume that f(x) is an infinite-differentiable function 
for some a € (0, 1]. The conformable fractional differential transform of f(z) 
is defined as 


Folk) =a [TP A @) (2) 


akk! L=XoO 


Definition 4. The inverse conformable fractional differential transform of 
F,(k) is defined as [15] 


F(a) = 0 Falk)(e — 20)**. (3) 


k=0 


3 Two-dimensional conformable fractional differential 
transform method 


Consider a function of two variables u(a,t), and suppose that it can be rep- 
resented as a product of two single variable functions, that is, u(a,t) = 
f(x).g(t); see [12]. On the basis of the properties of one-dimensional con- 
formable fractional differential transform [15], the function u(x,t) can be 
represented as 


=> Fath )(a — a0) x D> Ga(h)(t - to)” 
h=0 
=P Val )(a — ao)**(t — to)", (4) 


k=0 h= 


where 0 < a,8 < 1, Uag(k,h) = Fa(k)Ga(h) is called the spectrum of 
u(x,t). 


The conformable fractional differential transform of a function u(z,t) is 
as follows: 


1 a 
Uasalksh) = erangg [oP WT IM unt] 8) 


Based on (4) and (5), we have the following results. 


Theorem 1. Suppose that Ug.g(k,h), Va.g(k,h), and Wa.a(k,h) are the 
conformable fractional differential transformations of the functions u(x,t), 
u(x,t), and w(a,t), respectively. Then 
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1. if u(x,t) = v(2,t) + w(a,t), then Uag(k,h) = Va,e(k, hk)  Wa,a(k, h); 


2. if u(x,t) = C.v(a2,t), C € R, then Uap(k, h) = C.Va,a(k, h); 


3. if u(x,t) = v(a,t).w(a,t), then 


k h 
Uo,a(k,h) = 5° S— Va,a(r,h — 8)-Wa,a(k — 1, 8); 
r=0 s=0 
4. if u(x,t) = v(a,t).w(a, t).z(a,t), then 


k k-r h-s 


h 
Ua,plk, h) = ye S- ye yy, Va,a(T, h—s—p).Wa, a(t, 8)Zo,e(k—1r—t, p); 


r=0 t=0 s=0 p=0 


5. if u(x,t) = (x — x9)™(t — to)”, then Ug, a(k, h) = 6(k — @)d(h — B)i 
a—%p)% | (t-tg)F 
6. if u(a,t) = aoe ee ) where is constant, then Ua, e(k, h) = 
kth 


OFRIBP RI? 


Proof. These items can be proved by using (4) and (5). 


Theorem 2. If u(x,t) =2,TCv(a,t),0<a<1, then 
Ua p(k, h) = a(k+1).Vo_(k+1,h). (6) 


Proof. From (5), we have 
Uayalksh) = rare [leoTZ)* (oP) zo TS (2, 1) 
; ’ akk!Bhh! o- a o-t o~ a ’ 


= 1 a) k+1 Byh 
= cemarm [eT oA Ye.) 


=a(h+1)Va,a(k+1,h). (7) 


(xo,to) 


Theorem 3. [f u(x,t) = 4,T;'u(a,t) , m<y<m-+l1, then 


T(hB +741) 


a 
Ua,a(k, h) = Vaa(k, h ; ; 
(ke, h) alk, b+ T(hB+y-—m) 


B 


Proof. Consider the initial condition of the problem, 


) 
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T;'v(a, t) = le 


(x,t) = f(x) x > HS e- i" 


me glh) 
) 5 Gt) (t — to)” 1) x¥ OG ay. 


Substituting hG in place of k in the second series and considering the initial 
conditions, we obtain 


tol; 


oo 271 (np) 

Ty’ v(a,t) = tT? | f(a) x i a — f(x) x ~ ed (t — to)" 
= 1T7 | f(a) x 55 Ge(h)(t — to)? — f(@) x D> Ga(h)(t — to)? 
h=0 h=0 

= T7 | f(x) x D> Ga(h)(t - to)” 
n=4 
= F(a) x D> Galt) eet toyhO 
h=3 
Sate Sane yy PAB +741) i 
= f(x) x 2 Gall ta rngey ome) 
=3> Falk) ( \(x — ao)* 3 Gol hts ee tyr 


= ye O80 ys h+ aa — x9)**(t — to)P8. 


According to this result, we have 


T(hB+y+1) 


Ua,a(k, h) = Va,g(k, h 4 Tig ea ay 


a) 


4 Applications 


In this section, we will apply the new method to nonlinear conformable frac- 
tional partial differential equations and systems of nonlinear fractional partial 
differential equations. Also, we compare these solutions with the exact solu- 
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tions. 


Example 1. Consider the fractional model of nonlinear Schrédinger equa- 
tion [7] 


OP u(z, t) 1 0? u(z, t) 5 2 
av: 5 Oat ucos*(x)+ lulu, O<8<1, (9) 


subject to the initial condition u(x,0) = sin(x). Taking the two-dimensional 
conformable fractional differential transform of (9), then we have 


iB(h + 1U1,8(k,h +1) (10) 
_ P(k+2+1) . U1. g(k, h) 
T(k+2 171 alk + 2,h) 5 
1 hor 
> es iS 71 cos(—)U1,3(k — r, s) 
r=0s=0 ~ 


h—-s 
ye Ui a(7,h — s — p)U1, a(t, 8)U1,(k — r — t, p) 
and from the initial condition, we get 


1 ok 
Ui,3(k,0) = = sin(), k=0,1,.... (11) 


Substituting (10) to (11), the following series solution is obtained: 


u(x,t) = 3 x U1,(k, h)a*t? 


k=0 h=0 
a ge. a 3it? 9 178 = 697 it88 ~—s 81 #48 
= (0-5+5-F4-.) ; (1 28 daz’ 8 B33! 16 B44 
3it? 
=sin(x)e 2, 


which is the exact solution. 


Example 2. We consider the Klein—Gordon equation 


OFu 07 u 2 . ¢8 5 ‘5 ¢8 
ae apt t= are a cos (FB 0<B<1, (12) 


subject to the initial conditions 
u(v,0) =a. (13) 


Taking the two-dimensional conformable fractional differential transform of 
(12), then we have 
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Figure 1: Graphs of the u(a,t) for 8 = 1 and 8 = 0.95, when N = 10 (the number of 
terms), form left to right 


T(k+2+1) 
1 h+1)= k+2,h 
B(h+ Wi,a(k, ) T(k $21) U1 ’ ) 
k oh 
= S- S- Ui ,a(r,h — s)U19(k — 1, s) 
r=0 s=0 
hi 1 
o(k a sin( 5 )4 5 O(k 2) 
1 2h hr 
5 ok 2).5 cos( ; ) (14) 
From the initial conditions (13), we can write 
U;,8(0,0) = 0, U;,2(1,0) =1 Ui,8(k,0) =0, k=2,3,.... (15) 


Substituting (15) into (14), we obtain the series solution as 


u(a,t) = 3 > U1 (k, hacker? 


k=0 h=0 


128 #48 #8 
=9(1- + ag- =e o0n 


which is the exact solution. 
Example 3. Consider the nonlinear time fractional Fokker—Planck equation 
[14] 
Pu O x or 
= 1 
Sr = Hag (Bu 5) + Fo lew)lu, (16) 


where x >0,t>0,0<6< 1, and the initial condition is 


u(x,0) =a. (9) 
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Figure 2: Graphs of the u(x,t) for 8 = 1 and 8 = 0.95, when N = 10 (the number of 
terms), from left to right 
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Selecting a = 1 and taking the two-dimensional conformable fractional dif- 
ferential transform of (16), we have 


B(A+ 1)U1,6(k,h + 1) 


k+l h 
i 
= —(k +1) >3 Ui a(r,h — s)Uig(k +1—1,s) — Pian) 
r=0 s=0 
k+l oh 


+(k+2)(k+1) 5° $0 Ui 9(r,h — 8)Uie(k +1—1,8). (18) 


r=0 s=0 
By using the initial condition (17), we write 

U;,8(k,0) = d(k — 1). (19) 
Substituting (19) in (18), we obtain the closed form series solution as 


u(x,t) = 5. s Ui a(k, h)a* eh? 


k=0 h=0 
i oe | ee - ob 
a(l+a+og t+ gst) =2). gag = ter 


which is the exact solution. 


Figure 3: Graphs of the u(a,t) for 8 = 1 and 8 = 0.98, when N = 10 (the number of 
terms), from left to right. 


Example 4. Consider the time fractional inhomogeneous nonlinear system 
of PDEs [5] 


(20) 


subject to the initial conditions 
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u(x, 0) =e”, v(z,0) =e*. (21) 


Taking the two-dimensional conformable fractional differential transform of 
(20), we have 


B(h+1)U(k,h +1) = ES 30 —r+1)V(r,h—s)U(k—r+1,s) 
r=0 s=0 


=e h) + 6(k)6(R) 


B(h+1)V(k,h +1) St —r+1)U(r,h—s)V(k—r+1,s) 
r=0 s=0 


+ V(k,h) + 6(k)6(h) 


(22) 
By using the initial conditions (21), we write 
U(k,0) = 4, 
yk 23 
Vik, 0) _ 5 ( ) 


Substituting (23) in (22), we obtain the closed form series solution as 


=o vt net ne 


k=0 h= 
xe ie {20 13 gf 
Sah op cag JU a” apa asa t os 
u(x,t) = S- S- V(k, h)a* eh? 
k=0 h=0 
2 7 £o t2o p3o _ 248 
= Bea a Ae a ae” asa se : 


which are the exact solutions. 


5 Conclusion 


In this paper, we presented a two-dimensional conformable fractional differen- 
tial transform method. Then we apply the new method to some conformable 
fractional partial differential equations and system of conformable fractional 
partial differential equations. Comparison of the results obtained by using 
the new method with exact solution reveals that the present method is very 
effective and convenient for solving nonlinear partial differential equations 
and system of partial differential equations of fractional order. 
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Figure 4: Graphs of the u(x,t) for 8 = 1 and 6 = 0.95, when N = 10 (the number of 
terms), from left to right. 


Figure 5: Graphs of the v(x,t)for 8 = 1,8 = 0.95 when N=10 (the number of terms), 
from left to right. 
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